Our aim in this section is to illustrate the ability of PDWs to transmit pseudo-random bit sequences (PRBS) of optical data, in particular by going beyond the nonlinear Kerr limits traditionally imposed in normally dispersive optical fibre systems. We consider a first continuous-wave (CW) centred at 1550 nm that is delivered by an external-cavity laser. This source is phase modulated at 100-MHz in order to broaden the spectral linewidth of the laser, so as to avoid any Brillouin back-scattering into the propagating fibre. The CW is then split in two arms by means of a polarization maintaining 50:50 coupler. Both waves are then encoded by means of two parallel intensity modulators driven respectively by the data and data outputs of a pulse-pattern generator delivering a 20-Gbit/s non-return to zero sequence. Note that the 20-Gbit/s electrical sequence is obtained by the temporal multiplexing of two 10-Gbit/s data streams of 127 bits. Both complementary waves are then finely synchronized in the time domain and polarization multiplexed, thus creating the 20-Gbit/s high-speed polarization flip-flopping of PDWs. The encoded PDWs are then amplified thanks to an Erbium-doped fibre amplifier before injection into a 10-km long TWHD (TrueWave high dispersion fiber). The fibre under test has the same characteristics as the one described in the main manuscript. At the output of the system, both polarization components are demultiplexed following the same procedure as that described in the Method section (experimental set-up). Figure S1 illustrates the eye-diagrams recorded at the output of the system for an injected power of 26 dBm. First-of-all, when only one of the two twin-waves (i.e., one of the polarization components) is injected in the fibre, we can clearly observe large signal impairments leading to a complete closure of the eye diagram and thus to a total loss of the data, see Fig. S1a . These impairments simply result from the detrimental impact of chromatic dispersion and self-phase modulation. In contrast, when both twin-waves propagate simultaneously, we can clearly observe that the eye-diagram recorded on one polarization component 2 remains widely opened, see Figure S1b . In this case, the energy remains efficiently interlocked within each polarization domains. These results confirm the strong robustness of PDWs with respect to noise effects. Indeed, the large time jitter observed in Fig. S1a is greatly reduced when both twin-waves propagate (Fig. S1b) .
II. THEORETICAL MODELLING AND REDUCTION TO EFFECTIVE NONLINEAR SCHRÖDINGER EQUATIONS
This section is aimed at expanding the theoretical modelling discussed in the Method section of the main text. We show that the generalized nonlinear Schrödinger (NLS) equation governing the propagation of light in the optical fiber can be averaged to get effective reduced equations, which sheds new light on the limit of validity of the widely used Manakov NLS equation [1] .
A. Nonlinear Schrödinger model
Birefringence in optical fibers is characterized by the difference ∆n of the refractive indexes between the fast and slow birefringence axes as well as by the orientation α of such axes with respect to a fixed orthogonal coordinate system. Both ∆n and α vary along the fiber length, nevertheless fluctuations of ∆n have not a deep impact in the polarization dynamics [1] so that we may describe the birefringence strength by means of the average value of ∆n (typically 10 −8 ≤ ∆n ≤ 10 −7 in telecom fibers) or, equivalently, by means of the beat length L B = λ/∆n, where λ is the laser wavelength. On the other hand, spatial fluctuations of α deeply impact the polarization dynamics. In modern telecom fibers a fast spinning of the birefringence axes is implemented during the drawing stage of the fiber. We model the orientation angle of the polarization axes as the sum of a deterministic contribution α(z), which accounts for the spinning process, and a random contribution η(z), which accounts for random birefringence variations. In the case of sinusoidal spinning, which is relevant to the fiber used in our experiments, the angle has the form α(z) = α 0 sin(pz), where the spinning period 2π/p is of the order of few meters and the coefficient α 0 of the order of few tens of radiant [2] . The random contribution η(z) is described by a stationary Gaussian process of zero mean and characterized by a correlation length
is the autocorrelation function with L c the correlation length, of the order of tens of meters. We may think for instance at an Ornstein-Uhlenbeck (or Langevin) process, that is, a Gaussian process with mean zero and covariance function ⟨η(z
The envelopes of the linear polarization components of the electric field in the local axes of birefringence are governed by the following nonlinear Schrödinger (NLS) equations:
where X and Y denote the complex conjugates of X and Y , β 2 is the second-order dispersion coefficient and γ the nonlinear Kerr coefficient of the fiber [3] . For definiteness, we recall the following characteristic 3 propagation lengths that characterize the impact of dispersion,
2 c /β 2 , t c being the raising/falling time of the transition that separates adjacent polarization domains (or the time correlation when one deals with partially coherent waves); the beat length L B = 2π/∆β; and
being the averaged power. Note that domain walls are sustained by a balance between dispersion and nonlinearity, so that we have typically
It is important to remark that the fast spinning process imposed to the fiber dominates the natural birefringence fluctuations, so that the random function η(z) is a 'weak perturbation' with respect to α 0 sin(pz):
In the same way, we have α 0 ≫ 1 and p is the largest wave-number of the problem, so that L p = 2π/p is the shortest length scale, i.e., much smaller than the beat length, the nonlinear length and the correlation length,
B. First reduction: Averaging over the rapid birefringence spinning
In the following we perform an averaging over the fast rotation of the polarization axes induced by the fiber birefringence spinning process. More precisely, we will make use of the fact that
, and we will derive the NLS Eq.(2) in the main text. For this purpose, we first rewrite the NLS Eq.(S1-S2) in a suitable form. We define the following useful matrices
and the rotation matrix R(z) such that
starting from R(z = 0) = I. It is given by
then we find that (
with
We now make use of a homogeneization theorem (see the Appendix) and the following Jacobi expansion:
, where J n (x) is the Bessel function of the first kind of order n. In this way, we show that (A(z), B(z)) T is to leading order the solution of
As revealed by the second term in the right-hand side of Eq.(S9), the fast fiber birefringence spinning introduces a controlled polarization-mode coupling through an effective beat length, L eff B = 2/[∆βJ 0 (2α 0 )]. We recall in this respect the following expansion of the Bessel function,
for large α 0 . Note that the form of the NLS Eq.(S9) corresponds to equation (2) reported in the main text (Method section), which has been written in the circular polarization basis,ũ = (
C. Secondary reductions: Averaging over fast birefringence fluctuations
In the following we perform secondary reductions of the NLS equation by considering an averaging over the fast natural birefringence fluctuations of the fiber. Two important limits are obtained.
Isotropic fiber
In this paragraph we show that the NLS Eq.(S9) can be reduced to a form analogous to that used to model isotropic optical fibers in the regime where the correlation length of birefringence fluctuations L c is much smaller than all other characteristic lengths, i.e., L 
After averaging over the rapid components ⟨cos 2η(z)⟩ = exp(−2η 2 0 ) and ⟨sin 2η(z)⟩ = 0, we get the effective system:
If additionally, η 0 ≫ 1, then the second term in the right-hand-side vanishes and the NLS equation takes a form analogous to that modelling light propagation in isotropic fibers [3] . We recall that in this limit, stationary domain walls exist solely for circular polarization components of the field.
Limits of validity of the Manakov model
In this subsection we discuss the limit of the well-known NLS-Manakov model by considering the regime where
For this purpose, we recall that in the limit where birefringence fluctuations are so strong that the probability density of the polarization state uniformly covers the Poincaré sphere, then one can average the propagation equation over all polarization states, which leads to the NLS-Manakov model [1]. To study the limit of this usual approach, here we derive the diffusion equation that governs the evolution of the probability density of the Stokes vector on the surface of the Poincaré sphere. In this way, we also derive the criterion discussed in the main text which defines the regime of validity of the NLS-Manakov equations.
Following the general procedure outlined in [1], we first study the behavior of the system for propagation lengths smaller than L d and L nl , so that dispersion and nonlinear effects can be neglected. Accordingly, the equation governing the evolution of the field (C(z), D(z))
T given in (S11) reduces to:
The main point is now to understand how the Stokes vector for this system is distributed over the Poincaré sphere. We introduce the Stokes parameters S 0 = |C| 2 + |D| 2 = 1 that is preserved, S = (S 1 , S 2 , S 3 ) T with S 1 = |C| 2 − |D| 2 , S 2 = 2Re(CD), and S 3 = 2Im(CD), which satisfy:
We can apply a diffusion approximation theorem [5] since (cos 2η(z) − exp(−2η 2 0 ), sin 2η(z)) is a zeromean, fast varying, stationary random process. We find that (S 1 , S 2 , S 3 ) is a diffusion process with the infinitesimal generator
where 
where L * is the adjoint of L. It is important to note that the unique invariant distribution for the diffusion process is the uniform distribution over the Poincaré sphere. Note however that the generator is not self-adjoint when η 0 is not large (because of the last drift term), which means that the diffusion is not reversible. The Stokes vector becomes uniformly distributed over the Poincaré sphere when the propagation distance is larger than (L eff B )
2 /(Ψ(η 0 )L c ). Accordingly, we can distinguish three different regimes of propaga-
, the Stokes vector becomes uniformly distributed over the Poincaré sphere before the onset of the nonlinear effects, so that we can average the nonlinear terms all over the Poincaré sphere, which leads to the well-known NLS-Manakov system:
we are in the situation addressed in the previous paragraph governed by Eq. (S12), which is formally analogous to the NLS equation modelling isotropic optical fibers (for η 0 ≫ 1). We recall again that in this limit, stationary domain walls exist solely for circular polarization components.
, unfortunately one cannot reduce the system to a set of deterministic NLS equations. This regime corresponds to the regime studied in our experiments. In this case we find that (C(z), D(z)) T is solution of the stochastic partial differential equation
where W 1 and W 2 are two independent standard Brownian motions, and • stands for the Stratanovich stochastic integral. In Itô's form the SPDE has the form
D. Robustness with respect to noise perturbations
In this paragraph, we briefly discuss the robustness of the effective equations derived in the previous section with respect to noise perturbations. We consider two different types of perturbations that modelthe noise due to a process of amplification of the signal, as well as the noise in the group-velocity difference among the orthogonal polarization components of the wave. Accordingly, we consider two additional terms in the original NLS model Eqs.(S1-S2) that describes the propagation of the optical wave in the fiber:
where ∆v(z) is a stochastic function that describes the fluctuations of the group-velocity difference along the fiber. As for birefringence fluctuations, the corresponding correlation length L ∆v of ∆v(z) is larger than the period of the fiber birefringence spinning, L ∆v ≫ L p . Notice that the process ∆v(z) is assumed independent of the process that models birefringence fluctuations. On the other hand, ∆a X (z, t), ∆a Y (z, t) are independent stochastic functions that are δ−correlated in t and z, which provide a representative simple model of the noise amplifiers or more generally thermal noises:
Proceeding as in section II B, we perform the change of variables (S6) and after application of the homogenization theorem, we get that (A(z), B(z))
T is to leading order the solution of
where the ∆a j 's are independent and identically distributed ⟨∆a j (z, t)∆a
We can note the important point that the fluctuations of the group-velocity difference can be strongly reduced by the factor J 0 (2α 0 ), while the noise-amplifier is still present. This illustrates the general idea that noise perturbations with a characteristic correlation length larger than L p are averaged out, while the perturbations that vary more rapidly than L p remain efficient, although they can be modified. Let us now consider the secondary reduction analyzed above in section II C through the averaging over the birefringence fluctuations. The analysis reveals that in this case, the stochastic partial differential Eq.(S14) derived above exhibits additional terms in the right-hand side
where the ∆a j 's are again independent and identically distributed
We first note again that the relatively slow noise perturbations of the velocity-matching result strongly damped by the averaging procedure, while the rapid δ−correlated perturbations associated to the noiseamplifier are not quenched. Then the remarkable result revealed by the analysis is the following: considering the practical case of interest where the imposed fiber birefringence spinning is dominant, η 0 ≫ 1, then the noise due to group-velocity difference is shown to be averaged out, which means that group-delay noise does not affect the signal propagation.
E. Homogeneous birefringence spinning: isotropic fiber model
In the previous paragraphs we discussed the case where the optical fiber is characterized by a sinusoidal spinning of the birefringence axes. As a matter of fact, such a non-homogeneous sinusoidal spinning constitutes a key ingredient to sustain polarization domain walls. To see this, we consider in this paragraph the case of a homogeneous spinning of the birefringence axes, i.e., α(z) = pz, still with L p = 2π/p the smallest length scale of the problem. Proceeding in the same way as detailed above, the first averaging procedure over the fast spinning leads to the effective NLS Eq.(S9) with ∆β = 0, that is 
In this case, we see that the constant birefringence term, that was shown to limit the diffusion of the polarization states on the Poincaré sphere, vanishes identically. As a consequence, if one neglects the random birefringence fluctuations [i.e., second term in the rhs of (S17)], then the model (S17) recovers the isotropic fiber model [3] . In the presence of random birefringence fluctuations, one can use the rotation (S10) and recover again the model of isotropic fibers. We recall that in the limit of the isotropic fiber model, polarization domain walls are only supported in the circular polarization basis, in contrast to the experimental findings in which they are observed regardless of the polarization basis.
Appendix A: Homogeneization theorem
The following proposition can be found in [4] : Let us consider the solution X ε = (X ε j ) j=1,...,N of the initial value problem
starting from X ε (z 0 ) = X ini . Here ( ∂F (X)
) .
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